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Abstract
The quantum Brownian motion of a particle in an external potential V (x)

is treated using the master equation for the Wigner distribution function
W(x, p, t) in phase space (x, p). A heuristic method of determination of
diffusion coefficients in the master equation is proposed. The time evolution
equation so obtained contains explicit quantum correction terms up to o(h̄4)

and in the classical limit, h̄ → 0, reduces to the Klein–Kramers equation. For
a quantum oscillator, the method yields an evolution equation for W(x, p, t)

coinciding with that of Agarwal (1971 Phys. Rev. A 4 739). In the non-inertial
regime, by applying the Brinkman expansion of the momentum distribution
in Weber functions (Brinkman 1956 Physica 22 29), the corresponding
semiclassical Smoluchowski equation is derived.

PACS numbers: 03.65.Yz, 05.40.−a

In the last two decades there has been a revival of interest in the Wigner phase-space formalism
[1] in quantum mechanics and its manifold applications (e.g., [2, 3]). Wigner [1] showed that
quantum mechanics can be reformulated in terms of a phase space (x, p) quasiprobability
distribution

W(x, p, t) = 1

2πh̄

∫ ∞

−∞
ρ

(
x +

1

2
y, x − 1

2
y

)
e−ipy/h̄ dy,

where h̄ is Planck’s constant and ρ(x, x ′) = 〈x |̂ρ|x ′〉 is the density matrix. The Wigner
function W(x, p, t) exhibits most of the properties of a classical phase-space distribution.
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The expectation value of a quantum operator Q̂ may then be calculated using the Wigner
function from the corresponding classical variable Q(x, p) as

〈Q〉(t) =
∫

W(x, p, t)Q(x, p) dx dp.

For closed quantum systems, the time behaviour of the Wigner function is governed by an
evolution equation equivalent to the Schrödinger equation. The Wigner formalism may also
be applied to open quantum systems [3]. In particular, it provides a useful tool for introducing
quantum corrections to classical models of dissipation such as many-body collisions or
Brownian motion [4–10]. In this context the one-dimensional quantum Brownian motion of
a particle of mass m moving in a potential V (x) is usually studied by regarding the Brownian
particle as bi-linearly coupled to a bath of harmonic oscillators in thermal equilibrium [7–10].
The oscillators represent the normal modes of the bath. Quantization of the bath of oscillators
then yields the semiclassical master equation [7–10]

∂W

∂t
+ M̂WW = M̂DW, (1)

where the operators M̂W and M̂D are defined as

M̂WW = p

m

∂W

∂x
− ∂V

∂x

∂W

∂p
−

∞∑
r=1

(ih̄/2)2r

(2r + 1)!

∂2r+1V

∂x2r+1

∂2r+1W

∂p2r+1
, (2)

M̂DW = ∂

∂p

[
DppW + Dpp

∂W

∂p
+ Dxp

∂W

∂x

]
. (3)

Here Dp,Dpp,Dxp are coordinate, momentum and time-dependent parameters to be
determined. The left-hand side of equation (1) is the quantum analogue of the Liouville
equation, while M̂DW characterizes the interaction of the Brownian particle with the
thermal bath at temperature T; the term M̂DW being the analogue of the collision kernel
(stosszahlansatz) in the classical kinetic theory. Conditions for the validity of the master
equation (1) are discussed elsewhere (e.g., [9] and [10]). We remark that in general the
kernel M̂DW contains additional quantum correction terms [10]. Most of these terms can
be incorporated in the present treatment, e.g. the term ∂pDxp∂x in equation (3) absent in the
original Caldeira–Leggett equation [7] is included in M̂DW explicitly as in [10] (this term
describes quantum mechanical coupled p–x diffusion).

Being in possession of the functional form of the master equation (1) for the Brownian
particle, the crucial step is to determine the coefficients Dp,Dpp,Dxp. In the classical limit,
h̄ → 0, equation (1) reduces [7, 11] to the Klein–Kramers (Fokker–Planck) equation and
Dp,Dpp,Dxp become

Dp = γ, Dpp = γm/β, Dxp = 0, (4)

where β = (kT )−1, k is the Boltzmann constant, γ = ζ/m is a dissipation parameter and ζ

is the friction coefficient. The classical Klein–Kramers equation has been extensively applied
to the Brownian motion in a potential [12, 13]. For example, as shown by Brinkman [14] on
expansion of W in an orthonormal basis of Weber functions {Dn}, namely,

W(x, p, t) = e−βp2/4m

∞∑
n=0

Dn(p
√

β/m)ϕn(x, t), (5)

where Dn(y) = 2−n/2 e−y2/4Hn(y/
√

2) and Hn(z) is the Hermite polynomial of order n,
equation (1) becomes a partial three-term differential recurrence relation in the distribution
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functions ϕn(x, t), n � 0. In particular, ϕ0(x, t) yields the configuration space distribution
function P(x, t) = ∫

W(x, p, t) dp ≡ ϕ0(x, t). The solution of the recurrence relations of
the ϕn postulating an appropriate spatial basis may be further expressed as infinite matrix
continued fractions which are easily computed as pioneered by Risken [12]. For a Maxwellian
initial distribution of velocities, the solution for the configuration space distribution P(x, t)

is equivalent [12, 13] on expansion of the relevant continued fraction in series to the
solution rendered in powers of current operators in configuration space originally given
by Brinkman [14]. The Smoluchowski equation for P(x, t), valid in the high friction or
small mass limit of the dissipation dynamics, may be rigorously obtained from Brinkman’s
solution corroborating the earlier work of Kramers [15]. Kramers heuristically derived the
Smoluchowski equation from the Klein–Kramers equation. He proceeded by splitting that
equation into two parts, consisting of the Smoluchowski operator acting on the phase-space
distribution and a remainder; assuming that the dissipation coefficient is very large he shows
that the contribution of the remainder to the configuration space distribution is approximately
zero while the first part reduces to the Smoluchowski equation. Recently, Garcı́a–Palacios and
Zueco [10] have shown how classical (Brinkman’s and matrix continued fraction) methods
of solution of the classical Klein–Kramers equation could be extended to analyse the master
equation (1).

Hitherto calculations of Dp,Dpp,Dxp in the quantum case have usually been undertaken
for a Brownian harmonic oscillator, see, e.g., [9, 16–19]. As far as semiclassical treatments of
the Brownian motion in an anharmonic potential are concerned little in the way of solution of
equation (1) apart from the pioneering work of Wigner (on quantum corrections to the classical
distribution function in the closed system) has appeared. Undoubtedly, many methods of
determining these coefficients exist. However, we now suggest a simple heuristic method
of determining Dp,Dpp,Dxp for a Brownian particle moving in an arbitrary potential V (x)

and interacting with a reservoir at temperature T. For simplicity, we evaluate Dp,Dpp,Dxp

in the approximation of frequency independent or Ohmic damping, where Dp,Dpp,Dxp in
equation (1) are independent of the time [9, 17]. We have chosen the Ohmic damping since
that is used most extensively indeed almost universally in the discussion of dissipative systems.
Moreover, it is the damping underlying the classical Brownian motion and so is appropriate
here since our objective is to understand how quantum effects treated in semiclassical fashion
alter the classical Brownian motion in a potential. A detailed discussion of various damping
mechanisms in the context of quantum effects is given in [17]. Continuing our analysis
we show starting from Wigner’s (semiclassical) method of perturbation in h̄ and applying
it to equation (1) in combination with the ansatz that the Wigner phase-space equilibrium
distribution must satisfy that equation, how (a) the coefficients Dp,Dpp,Dxp can be evaluated,
how (b) Brinkman’s method may be transparently extended to the quantum case and how (c)
a quantum Smoluchowski equation (having the Wigner configuration space distribution as
equilibrium solution) follows directly from the quantum Brinkman recurrence relations.

In order to determine the explicit form of Dp,Dpp,Dxp in equation (1), we first recall
Wigner’s results [1] for the unnormalized equilibrium distribution W0(x, p). The equilibrium
distribution W0(x, p) (being a stationary solution of the equation Ẇ0 + M̂WW0 = 0) can be
developed in a power series in h̄2 as [1]

W0(x, p) = e−βε(x,p) + h̄2w2(x, p) + h̄4w4(x, p) + · · · ,
where ε(x, p) = p2/2m + V (x) is the energy. The term in w2 yields the quantum correction
to the classical distribution function [1] to first order in h̄2 and is (cf Wigner’s equation (25))

W0(x, p) = e−βε(x,p){1 + 	[β(V ′(x))2 − 3V ′′(x)+(βp2/m)V ′′(x)] + · · ·}, (6)



F94 Fast Track Communication

where 	 = h̄2β2/(24m) is the characteristic quantum parameter (for simplicity we consider
only the leading quantum correction terms). The corresponding equilibrium distribution
function in configuration space Pst (x) ∼ ∫

W0(x, p) dp is [cf Wigner’s equation (28) in [1]]

Pst (x) = e−βV (x){1 + 	[β(V ′(x))2 − 2V ′′(x)] + · · ·}. (7)

Equation (7) demonstrates how the probability of a configuration given by the Boltzmann
factor e−βV (x) in classical theory (and holding in quantum theory for high temperatures)
is modified for lower temperatures. Furthermore, the equilibrium Wigner distribution
W0(x, p) must be the equilibrium solution of the generic master equation (1), i.e., it must
satisfy ∂tW0 + M̂WW0 = M̂DW0. However, the function W0(x, p) satisfies the equation
∂tW0 + M̂WW0 = 0 [1]. Thus W0(x, p) must satisfy M̂DW0 = 0. Seeking Dp,Dxp,Dpp as

Dp = γ + h̄2d
p

2 (x, p) + · · · , Dpp = γm

β
+ h̄2d

pp

2 (x, p) + · · · ,

Dxp = h̄2d
xp

2 (x, p) + · · ·
and substituting equation (6) into equation (1), one then finds if W0(x, p) is a solution of
M̂DW0 = 0 that Dp and Dxp remain as in equation (4) and only Dpp must be altered to read

Dpp = (γm/β)[1 + 2	V ′′(x) + · · ·].
Thus the explicit form of M̂DW to o(h̄2) is from equation (3)

M̂DW = γ
∂

∂p

[
pW +

m

β

(
1 + 2	

∂2V

∂x2

)
∂W

∂p

]
+ · · · . (8)

The imposition of the Wigner phase-space distribution W0(x, p) as the equilibrium solution
of equation (1) so yielding a potential-dependent diffusion coefficient Dpp appears to be
the exact analogue of the ansatz of a Maxwell–Boltzmann stationary distribution used by
Einstein, Smoluchowski, Langevin and Kramers [12, 13] to calculate diffusion coefficients
in the classical theory of the Brownian motion. Furthermore, the condition M̂DW0 = 0 is
completely equivalent to the property of the collision kernel St (f ) in the classical kinetic
theory, whereby the equilibrium distribution function f0(x, p) ∼ exp[−βε(x, p)] always
satisfies St (f0) = 0 (f (x, p, t) is the phase-space distribution function obeying the kinetic
equation df/dt = St (f )). In particular, this is so for the classical Klein–Kramers equation.

Equation (8) is obtained for arbitrary V (x). For illustration, we consider a harmonic
potential V (x) = mω2

0x
2
/

2, which is of the utmost importance as the quantum Brownian
oscillator model is ubiquitous in physics [2]. Here the calculation is simplified because the
normalized equilibrium Wigner function can be presented in the simple exact form [18, 19]

W0(x, p) = tanh(βh̄ω0/2)

πh̄
exp

(
− x2

2〈x2〉 − p2

2〈p2〉
)

, (9)

where 〈x2〉 = h̄
2mω0

coth βh̄ω0

2 and 〈p2〉 = mh̄ω0
2 coth βh̄ω0

2 . Noting equation (9), we may

evaluate M̂DW for a quantum oscillator in closed form. Our heuristic procedure yields

M̂DW = γ
∂

∂p

[
pW + 〈p2〉∂W

∂p

]
. (10)

The master equation (1) with the collision kernel as in equation (10) coincides in all respects
with that of Agarwal [18], who first developed a detailed theory of Brownian motion of a
quantum oscillator (see his equation (2.11) with λ = 0). It is known, however, for a quantum
Brownian oscillator, that the equilibrium distribution as well as the equilibrium averages
〈x2〉 and 〈p2〉 depend on the damping (appropriate equations are given in chapter 6 of [2]).
However, according to [2], these equations reduce to equation (9) either for vanishing damping
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(γ → 0) or in the high temperature limit (βh̄ω0 → 0). Moreover, the difference between the
damping-dependent and damping-independent equations is negligible for γ /ω0 < 0.1 for all
βh̄ω0 [2] (see also figure 3 of [19]). Hence for βh̄γ � 1, the Agarwal model may be used as
a good approximation describing the kinetics of a quantum oscillator.

Equation (8) constitutes the first novel result of our communication. One may regard
equation (8) as a generalization of the Agarwal quantum kinetic model for an oscillator [18]
to the Brownian motion of a particle in a potential V (x). Our second task is to show how
the master equation (1) with M̂DW given by equation (8) may be written in general as a set
of differential recurrence relations for the functions ϕn and how the quantum Smoluchowski
equation for the configuration space distribution function ϕ0 can be obtained from these
by using Brinkman’s method [14]. Thus one assumes [10] (just as the classical case) that
the Wigner function W may be expanded in the Weber functions Dn as equation (5). By
substituting equation (5) into equation (1), we have via the orthogonality and recurrence
properties of Dn the quantum Brinkman equations for ϕn (x, t)

∂ϕn

∂t
+ nγϕn +

1√
βm

[
∂ϕn−1

∂x
+ (n + 1)

∂ϕn+1

∂x

]
+

√
β

m

∂V

∂x
ϕn−1 = 	

(
2γ

∂2V

∂x2
ϕn−2 +

1√
βm

∂3V

∂x3
ϕn−3

)
. (11)

In the classical limit (	 = 0), Brinkman’s recurrence equation (11) has been solved for
many potentials using matrix continued fraction methods as described in [12, 13]. As the
semiclassical equation (11) constitutes a partial differential recurrence relation essentially
similar to the classical one, Brinkman’s solution may also be applied here. Equation (11)
then yields to first order in h̄2, quantum corrections to the non-equilibrium configuration space
functions ϕn (x, t).

Now one of our objectives is simply to show (guided everywhere by Brinkman’s classical
calculation [14]) how equation (11) yields a quantum Smoluchowski equation. In order
to accomplish this we note that in the non-inertial or high damping limit (m → 0 or
γ = ζ/m 	 1), the ratio ϕ̇n /γ ≈ 0, n � 1, thus we have from equation (11) the following
hierarchy:

∂ϕ0

∂t
= − 1√

βm

∂ϕ1

∂x
, (12)

ϕ1 = − 1

γ
√

βm

(
∂ϕ0

∂x
+ 2

∂ϕ2

∂x
+ βV ′ϕ0

)
, (13)

ϕ2 = − 1

2γ
√

βm

(
∂ϕ1

∂x
+ 3

∂ϕ3

∂x
+ βV ′ϕ1

)
+ 	V ′′ϕ0, (14)

etc. If we now close the set by supposing ϕ3 = 0 then the first two terms on the right-
hand side of equation (14) vanish when m → 0 so that ϕ2 = ϕ0	V ′′(x). The system of
equations (12)–(14) is now closed and can be rearranged as an equation for the configuration
space distribution function P(x, t) = ϕ0(x, t), namely,

∂P

∂t
= ∂

∂x

{
P

ζ

∂V

∂x
+

∂

∂x
(DP )

}
, (15)

where ζ = γm and D = [1 + 2	V ′′(x)]/(ζβ) + O(h̄4) have the meaning of friction and
diffusion coefficients, respectively. For a quantum oscillator, the diffusion coefficient D is
independent of x and is given by D = h̄ω0

2ζ
coth βh̄ω0

2 . Furthermore equation (15) reduces to the
classical Smoluchowski equation if 	 = 0. The semiclassical Smoluchowski equation (15)
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is equivalent to classical Brownian motion in the potential V(x) with coordinate-dependent
diffusion coefficient D(x). The corresponding Langevin equation in the Stratonovich
interpretation [12, 13] reads

ẋ(t) = − 1

ζ
∂x

{
V [x(t)] +

ζ

2
D [x(t)]

}
+

√
β

ζ
D [x(t)]λ(t).

Here the dot denotes the time derivative and λ(t) is a random force with Gaussian white noise
properties, namely, λ(t) = 0, λ(t)λ(t ′) = (2ζ/β)δ(t − t ′) (the overbar means statistical
averaging). Just as in the classical case, the semiclassical Smoluchowski equation (15) may
be applied to the study of the long time (or low frequency) relaxational behaviour of a
system [13].

We emphasize that it is often preferable to write D in the equivalent form

D = {ζβ[1 − 2	V ′′(x)]}−1 + o(h̄2) (16)

so ensuring that equation (15) does not violate the second law of thermodynamics irrespective
of the form of the potential [20]. For example, the diffusion coefficient so written for an
arbitrary asymmetric periodic ratchet potential V (x) at zero-external bias ensures a vanishing
probability current j for any order of h̄2 (and not just o(h̄2)) as evidenced by Machura
et al [20] in their discussion of a quantum Smoluchowski equation deduced by Ankerhold
et al [21] (via the path integral formulation of quantum dissipative systems). That equation is
very similar but not identical to equation (15) and reads in our notation

∂P

∂t
= ∂

∂x

{
P

ζ

∂

∂x
Vef +

∂

∂x
[DAP ]

}
, (17)

where

Vef = V (x) + λV ′′(x)/2, DA = {ζβ[1 − βλV ′′(x)]}−1,

and

λ = 12	

π2β

∞∑
n=1

(
n2 +

h̄γβ

2π
n

)−1

is a quantum parameter [21] (in our notation). Noting that
∑∞

n=1 n−2 = π2/6, λ → 2	/β and
DA → D in the high temperature limit (h̄γβ � 2π); we see that equation (17) differs from
equation (15) only via (λ/2)V ′′ in Vef . Nevertheless, this difference is important, because the
stationary solution of equation (17) is PA(x) ∼ e−βV [1 + 	(βV ′2 − 3V ′′) + · · ·] [21], which
is similar to the coordinate-dependent part of the Wigner phase-space distribution W0(x, p)

(resulting from the omission of the p2 term in equation (6)). Thus, PA(x) does not coincide
with the true Wigner equilibrium distribution in configuration space Pst (x) from equation (7)
[1] (which includes by integration with respect to p the contribution of the p2 term). Obviously,
Pst (x) does not satisfy equation (17) in the high temperature limit as one would expect.

The explicit form of the semiclassical kernel M̂DW , equation (8), and the time evolution
equation (15) in the non-inertial (overdamped) limit for the Brownian motion of a particle
in a potential V (x) are our main results. They contain the leading order quantum correction
to the collision kernel of the classical Klein–Kramers and Smoluchowski equations. These
equations are written explicitly to o(h̄2). In like manner higher order quantum correction terms
to the master equation (1) may be calculated. Thus that equation can be given, in principle
to any desired degree r of h̄2r . However, the correction terms become more complicated with
increasing r; see, e.g., [1], where the explicit equation for the equilibrium Wigner distribution
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W0(x, p) is presented to o(h̄4). By using the explicit form for W0(x, p) from [1], we have the
next term in the perturbation expansion of Dpp and D in equations (1) and (15), namely,

Dpp = mγ

β

{
1 + 2	V ′′ − 2	2

5

[
6V ′′′V ′ + 2V ′′2 + 3V (4)

(
p2

m
− 5

β

)]}
+ · · · ,

D = 1

ζβ

[
1 − 2	V ′′ +

12	2

5
(V ′′′V ′ + 2V ′′2 − β−1V (4))

]−1

+ · · · .

(the coefficients Dp and Dxp remain as in equation (4)). We emphasize that in our heuristic
method of calculation of Dpp, D, etc, the equilibrium Wigner function W0(x, p) for vanishing
damping (γ → 0) was used. In quantum dissipative systems, however, the equilibrium
distribution Wγ (x, p) in general depends on the damping [2]. For an arbitrary potential
V (x), the damping dependence of Wγ (x, p) is unknown. Nevertheless, the conditions already
mentioned, under which Wγ (x, p) for the harmonic oscillator may be approximated by the
Wigner distribution W0(x, p), may be useful in establishing a possible range of validity for
our ansatz. In particular, Wγ (x, p) always reduces to W0(x, p) in the high temperature limit.
Moreover, the difference between Wγ (x, p) and W0(x, p) may be negligible for a large range
of variation of the model parameters (ζ, β,m) as we have indicated for a quantum oscillator.
For example, analysis of figure 3 of [19] (reproduced in figure 6.2 of [2]) shows that even if
βh̄ω0 ∼ 1 (i.e., the limiting value below which one would expect slow convergence of the
Taylor series) although γ /ω0 < 0.1, the difference between the damping-dependent stationary
distribution Wγ (x, p) and the Wigner distribution W0(x, p) is negligible. Thus one would
expect that the kernel M̂DW from equation (8) is a reasonable approximation for the kinetics of
a quantum Brownian particle in a potential V (x) when βh̄ζ/m � 1. In this context, we remark
that proceeding (in the manner of the Kramers intermediate-to-high damping calculation [15]
of the escape rate from a potential well) from equation (1) with M̂DW from equation (10), and
assuming that the equilibrium solution is the Wigner function W0(x, p) yields the escape rate

IHD as [22]


IHD = �
ωa

2πωc

(√
γ 2/4 + ω2

c − γ /2
)

e−β�V .

Here � = (ωc/ωa) sinh(h̄βωa/2)/ sin(h̄βωc/2) is the quantum correction factor as yielded
by equation (10) (in full agreement with quantum transition state theory [2, 23, 24]), ωa and
ωc denote the well and barrier (saddle) angular frequencies, and �V is the barrier height. On
the other hand, the corresponding correction factor incorporating the damping dependence of
the equilibrium distribution is [2]

�W =
∞∏

n=1

ω2
a + (2πn/h̄β)2 + 2πnγ/h̄β

−ω2
c + (2πn/h̄β)2 + 2πnγ/h̄β

.

Now �W reduces to � when h̄γβ � 2π [2]. Here the damping independent � is a
fair approximation to �W , lending support to our argument that the approximation of the
equilibrium distribution Wγ (x, p) by the Wigner distribution W0(x, p) may ultimately yield
a reasonable description of the dynamics of quantum dissipative systems.

In conclusion, we have suggested a heuristic procedure for obtaining the diffusion
coefficients in semiclassical evolution equations for arbitrary potentials by demonstrating
how classical tools can be transferred to the quantum domain via the phase-space formalism.
The explicit form of our evolution equations (kinetic models) we have given implies how
existing powerful methods of solution of the classical Klein–Kramers equation for Brownian
motion in a potential may be generalized to quantum systems (see [10] for details). Thus
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quantum effects on diffusive transport properties and parameters characterizing the quantum
Brownian motion (such as correlation functions, dynamic susceptibilities, etc) can be estimated
for arbitrary potentials hence allowing one some insight into the very complicated dynamics
of quantum dissipative systems.
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